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Abstract 

The local logarithmic conformal field theory corresponding to the triplet algebra 
at c = —2 is constructed. The constraints of locality and duality are explored in 
detail, and a consistent set of amplitudes is found. The spectrum of the corresponding 
theory is determined, and it is found to be modular invariant. This provides the first 
construction of a non-chiral rational logarithmic conformal field theory, establishing 
that such models can indeed define bona fide conformal field theories. 
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1 Introduction 

Recently, a new class of chiral conformal field theories whose correlation functions have 
logarithmic branch cuts has attracted some attention. These models are believed to be 
important for the description of certain statistical models, in particular in the theory 
of (multi) critical polymers two-dimensional turbulence [§-0], and the quantum Hall 

effect || . There have also been suggestions that some of the so-called logarithmic operators 
(which appear in these theories) might correspond to normalisable zero modes for string 
backgrounds ||. 
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By now, quite a number of such models have been analysed. They include the WZNW 
model on the supergroup GL(1, 1) pTOfl , the c = — 2 model pTT|, |12|| , gravitationally dressed 



conformal field theories |H| and some critical disordered models ||14|-|17|j. Singular vectors 
of some Virasoro models have been constructed in [jl8[| , correlation functions have been 
calculated in |19|,p0[, and more structural properties of logarithmic conformal field theories 



have been analysed in pl |. 

The new class of "logarithmic" chiral conformal field theories is also of interest for more 
conceptual considerations of conformal field theory. In particular, there exist logarithmic 
models which behave in many respects like ordinary (non-logarithmic) chiral conformal 
field theories, and it is not yet clear in which way these models differ structurally from 
conventional theories. For example, there exists a series of "quasirational logarithmic" 



Virasoro models |I2"||, and a series of "rational logarithmic" models, the simplest of which 



is the triplet algebra at c = —2 |22|]. Here quasirational means that a countable set 
of representations of the chiral algebra closes under fusion (with finite fusion rules), and 
rational that the same holds for a certain finite set of representations, including all (finitely 
many) irreducible representations. For these rational models Zhu's algebra is finite 
dimensional, and it should be possible to read off all properties of the whole chiral theory 
from the vacuum representation. In particular, one should be able to decide whether a 
rational meromorphic conformal field theory (i.e. a chiral algebra, for which Zhu's algebra 
is finite-dimensional) leads to a logarithmic theory or not, without actually constructing 
all the amplitudes. As yet little progress has been made in this direction, although it 
is believed that unitary (rational) meromorphic conformal field theories always lead to 
non-logarithmic theories. 

The only rational logarithmic model which has been studied in detail so far, the afore- 
mentioned triplet algebra at c = —2, possesses another oddity (apart from the appearance 
of indecomposable reducible representations which lead to logarithmic correlation func- 
tions), and it is quite possible that this is true in more generality ||24|| : although the theory 
possesses a finite fusion algebra, the matrices corresponding to the reducible representa- 
tions cannot be diagonalised, and a straightforward application of Verlinde's formula does 
not make sense. This is mirrored by the fact that the modular transformation properties 
of some of the characters cannot be described by constant matrices as they depend on the 
modular parameter r. This might suggest that these logarithmic rational theories only 
make sense as chiral theories, and that they do not correspond to modular invariant (non- 
chiral) conformal field theories. It is the purpose of this paper to demonstrate that, at 
least for the case of the triplet algebra at c = —2, this is not the case. The resulting theory 
is in every aspect a standard (non-chiral) conformal field theory but for the property that 
it does not factorise into standard chiral theories. Among other things, this demonstrates 
that a non-chiral conformal field theory has significantly more structure than the two chiral 
theories it is built from. 

In the process of constructing this non-chiral theory, we shall meet a number of novel 
difficulties. For example, in order to satisfy the locality constraint, the non-chiral represen- 
tation corresponding to two indecomposable chiral representations is not simply the ordi- 
nary tensor product of the two chiral representations, but only a certain quotient thereof. 
Furthermore, in order to obtain a theory with finite multiplicities, it will be necessary to 
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identify states from different (non-chiral) representations (corresponding to different inde- 
composable chiral representations); this will imply that the two different indecomposable 
(non-chiral) representations combine to form a single representation with two fundamental 
vectors, from which the representation is generated by the action of the chiral algebras. 
Both of these features could have been predicted from the requirement to obtain a modular 
invariant theory, but it is gratifying to see that they can also be understood as arising in 
this way. 

Our general strategy is motivated by the observation that the fundamental objects 
of a (chiral) conformal field theory are the correlation functions. In particular, as has 



been demonstrated in [25], all data of a chiral conformal field theory can be recovered 
from the complete set of amplitudes, and it is clear that the same holds for non-chiral 
conformal field theories. In order to construct our theory, we therefore have to determine 
all amplitudes and show that they satisfy the relevant properties. In fact, it is not actually 
necessary to determine all amplitudes of the theory, but it suffices to construct the two-, 
three- and four-point functions of the fundamental fields (the fields that correspond to 
the fundamental states of the different representations). Indeed, given the two- and three- 
point functions of the fundamental fields, all other amplitudes can be derived from these, 
and the consistency conditions of all amplitudes can be reduced to those being obeyed by 
the four-point functions. This reduces the problem of constructing the theory to a finite 
computation which can be done in principle. 

Unfortunately, for the theory in question, some of the four-point functions involving 
two or more indecomposable representations are very complicated, and it is not feasible 
to calculate them explicitly. However, since we can determine all two- and three-point 
functions, all amplitudes of the theory are (in principle) determined, and the question is 
only that of showing the consistency of the resulting theory. We can then make use of the 
observation that the three-point functions (and therefore the operator product expansions) 
of the fundamental fields agree with those of a certain free field realisation of the theory. 
Because of the above arguments, this implies that all amplitudes of the two theories co- 
incide, and since the free field theory is consistent thus establishes the consistency of our 
theory. 

In the course of the construction we shall also explain how the spectrum of the theory 
can be read off from the amplitudes. For the theory in question, there exist only finitely 
many sectors, and each sector appears with multiplicity one. We can then determine 
the partition function of the resulting theory, and it turns out that it is indeed modular 
invariant. 

The paper is organised as follows. In sections ^| and ||] we describe in some detail the 
general strategy of our approach. In section ^ the relevant amplitudes (including the three- 
point functions of the fundamental fields) are explicitly constructed. We then explain the 
free field realisation in terms of symplectic fermions in section |5|, and demonstrate that the 
OPEs coincide. Finally in section || we discuss the modular invariance of the resulting 
theory. We have also included a number of appendices, where some of the more technical 
details of our calculations can be found. 
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2 Correlation functions 



Let us first explain how the correlation functions of the theory can be determined. Let 
S(w) be a meromorphic field of conformal weight h, and denote by S n the corresponding 
modes 

S(w) = J2^ n ~ k S-n- 

n 

The action of the modes on a product of two fields is described by the two different 
comultiplication formulae of pBfl ; on iV fields, using successively these comultiplication 



products, there are N different formulae which are given as 

A i (s„)=s<;)+$: ± (T + h h z% - *<>"-* s * w . 

j^i k=-h+l ^ ' 

where i G {l,...,iV} and is the mode acting on the j-th factor in the tensor 
product. (These formulae can be obtained from the ones of [|27| by the adjoint action of 



the translation operator.) The fusion product of these N fields is defined as the quotient 
space of the direct tensor product by the relations of the form 



e*» x - 1 A i (5 n )e- ,i£ - 1 = e^- 1 A j (S n )e^ L 



The correlation function {4>i(zi) ■ ■ -^^{z^)) of a given set of N fields is non-trivial if 
the vacuum representation is contained in the multiple fusion product of the corresponding 
representations. This is equivalent to the property that there exists a (non-trivial) linear 
functional $ on the fusion product (Vi <8> • • ■ <S> Vjv)f (where Vj is the representation cor- 
responding to 4>j and the subscript f denotes that this is the quotient space of the direct 
tensor product) which is induced by the vacuum state (at infinity), and which therefore 
satisfies 

$oA'(5 n ) = 0, Vi,n<h. (1) 

Furthermore, if there exist non-trivial null- vectors in the vacuum representation, these will 
give rise to additional constraints. The dimension of the space of solutions for the linear 
functional $ satisfying these conditions is precisely the multiplicity with which the vacuum 
representation appears in the multiple fusion product of the representations. The results 



of our analysis of fusion |22| determine therefore the number of different solutions. 

To find the different correlation functions explicitly, we shall use the following method. 
First we observe that any functional $, satisfying the above constraints, is already uniquely 
determined by its value on V° ® V° <S> VJ <8> • • • <8> Vjy, where V° denotes the highest weight 
space of a representation V, i.e. the space of states which is not in the image of the action 
of the negative modes, and V s denotes the special subspace Indeed, we can use the 
relations ([[]) to remove modes Sk with k < —h from the states (pi. This allows us to 
determine the value of the functional for arbitrary vectors in terms of those on the iV-fold 



tensor product of the special subspaces Vf ® • • • <§) |28 
We can then use the 2h — 2 relations coming from 

$oe* iI - 1 A i (5 B )e-* ii - 1 = 
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where —h < n < h (in which case the formula is actually independent of i), which can be 
written as $ o A°(S n ) = with 



e e (;;::!)^ 



(2) 



j k=-h+l 



In particular, we can use these formulae to remove the negative modes of S on two of the 
states (pi and <f) 2 , say. At each stage in the reduction process, when commuting annihilation 
modes through creation modes we might again produce modes Sk with k < —h but the 
sum of the conformal weights of the n states decreases at each step and, therefore, we can 
reduce any correlation function to a functional on V° ® V° <8> V| <E> • • • <S> V S N . (This argument 



is analogous to the argument given in |28| for the case of three representations.) 

This argument implies that the number of different solutions is bounded by the dimen- 
sion of the space V° <E> V2 ® VJ <8> ■ ■ ■ <8> V%. In general, the dimension of this space need 
not agree with the multiplicity of the vacuum representation in the iV-fold fusion product, 



as there might exist the analogue of the spurious subspace of Nahm Once we have 
found all relations, we can determine the dependence of the correlation functions on Zi by 
solving the system of first order differential equations which are obtained by identifying 

In practice, since we are mainly interested in the amplitudes of the fundamental fields, 
we shall follow a slightly different approach. We first solve the first order differential 
equations arising from the comultiplication (pj), and this determines the two- and three- 
point functions up to a constant. The four-point functions depend then on an arbitrary 
function of the cross-ratio, and by using the defining null vector for one of the fundamental 
fields we obtain a higher order differential equation for this function which we then solve. 

Non-chiral amplitudes are obtained by considering suitable linear combinations of prod- 
ucts of chiral amplitudes. These amplitudes are required to be local, and this will constrain 
the way in which the various chiral correlation functions can be combined. For example, 
for a two-point function, locality requires that 

(^(e 2 " Z ,e- M z)^(0,0)) = (<MM)02(O,O)). 

On the other hand, because of (0) and the property that Lq can be identified with the 
scaling generator of the Mobius group, the two-point function has to satisfy 

zd z (Mz, z)<h(0, 0)) + {LqM*, *)&(0, 0)) + (0 a (;s, z)L 0( p 2 (0, 0)) = , 

and the analogous relation for the barred coordinate. We can integrate this differential 
equation along a circle around the origin, and find 

(0 1 (e- 2 ^,e 2 ^)0 2 (O,O)) = e 2 ^' ll - ;il+/l2 -^)(e 2 " i5 1 (z,^)e 2 " i5 2 (O,O)) , 

where (hj, hj) are the left and right conformal weights of the states <pj and S = — Lq 
is the nilpotent part of Lq — Lq. The conditions for the two-point function to be local are 
thus 

h 1 -h 1 + h 2 -h 2 eZ, (S n (p 1 (z,z)S m ^(0,0)) = Vn, m E Z> , m + n > . 
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This has to hold for any combination of 0i and 02- Since every iV-point function involving 
0i, say, can be expanded in terms of such two-point functions (by defining 2 to be a 
suitable contour integral of the product of the remaining N — 1 fields), it follows that we 
have to have 

h-heZ, 50 = , 

where (h, h) are the conformal weights of any non-chiral field 0. 

The triplet algebra whose local conformal field theory we want to construct has four 



indecomposable chiral representations which close under fusion There are two irre- 
ducible representations, V_i/8, generated from an su(2)-singlet state /i of weight h = —1/8, 
and V3/8, generated from an sw(2)-doublet v a of weight h = 3/8. The corresponding non- 
chiral irreducible representations are the "diagonal" tensor products 

V-l/8,-1/8 = V-l/8 <8> V_i/8, V3/8,3/8 = V3/8 <8> V3/8 

with cyclic states fi = fi ® ft and v aa = v a £g> u a , respectively. In this case the above 
constraint is manifestly satisfied as S = on V_i/8,-i/s and V3/8.3/8- 

The other two representations are reducible (but indecomposable) and are characterised 
by the diagrams 




Here, each vertex represents a representation of the chiral algebra, and an arrow A — > B 
indicates that the representation B is in the image of A under the action of the chiral 
algebra. In the bottom row, the representations have conformal weight h = 0, and in the 
top row h — 1. The representation TZ is generated from a cyclic vector u of h — 0, which 
is a singlet under su(2). It forms a Jordan block for Lq with Q, and the defining relations 



are [g2 



Lqlu = f2 , Lofi = , 
W$u) = 0, WgVL = 0. 

The four states L^\uj and W^u, collectively denoted by X 3 _ x uj, form two doublets under 
su{2). 

The representation TZi is generated from a doublet (p^ of weight h — 1. It has two 
ground states £ at h = and another doublet , ± at /i = 1 forming an L Jordan block 
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with ± . The defining relations are [^] 





= -r, 


W x a (j> a 


j-aac/3 








= 2t a a (pP 




= o, 




= o, 




= 




= 




= 




= 2tJ^ 



The two states £ Q form two singlets under sw(2) and are thus represented by a pair of 
vertices in the above diagram. 

Suppose now that we want to construct a non-chiral local field corresponding to the 
tensor product of the chiral states ip <E> ip G 1Z ® 7^ - in order for this field to be local, 
the action of S must vanish on ip ® ip. In general, however, S(if) ® i/>) does not vanish in 
T^o ® ^-0) and this must mean that it is only possible to associate local fields to a certain 
quotient space of TZq <S> 7Zo- 

To determine this quotient space, we observe that S commutes with the action of both 
chiral algebras. This implies that every state which is in the image space of S, is in 
the subrepresentation generated from S(u <8> Co), where u ® Co is the cyclic state for the 
representation IZq <8> T^o with respect to the action of both chiral algebras. It is therefore 
clear that the space by which we have to quotient has to contain at least the subspace Aoo 
which is the subrepresentation generated from S(u ® Co) = f2 ® u; — u For TZi ® 7Zi, 
the situation is analogous, and N\i is generated from <p a ® ip a — ip a <E> 4> a - The maximal 
(non-chiral) representations which can correspond to local fields are thus of the form 

^oo = {Ho ® ^o) /Ko , Ku = (Tlx ® 7^) /Mi ; 
their structure can be summarised schematically as 




Here oj is the equivalence class of states in 7Z 00 - which contains as a representative {uo ® uo) , 
and we have f2 = L a; = L Q uo (as So; = 0). Likewise, (f) aa is the equivalence class in TZii 



7 



with representative (0 Q ® We shall always use the convention that non-chiral states 
are denoted by bold symbols. 

This solves the locality constraints for two-point functions. For higher point ampli- 
tudes, locality will require that we combine only suitable combinations of chiral correlation 
functions. This will eliminate already a large number of possibilities, but in order to con- 
strain the amplitudes further, we have to turn to different considerations relating to the 
spectrum of the non-chiral theory. 

3 The spectrum of the theory and the operator prod- 
uct expansion 

The considerations of the previous section only determine the (chiral) correlation functions 
and the (non-chiral) amplitudes up to some integration constants. In terms of the chiral 
theory alone, there is no way of obtaining further restrictions on these constants, but for 
the non-chiral theory there are further constraints which come about as follows. The local 
fields of the non-chiral theory are well-defined operators on the whole space of non-chiral 
states, and are in one-to-one correspondence with these states. (Indeed, given a complete 
set of amplitudes, we can reconstruct a dense subspace of states as the natural quotient 
spaceQ of the free vector space of formal products of fields, and for this dense subspace 
there exists a one-to-one correspondence between states and fields. The actual space of 
states is then defined as the weak completion, using the natural weak topology induced by 
the amplitudes [25fl.) This construction is by the way not possible for a chiral theory as 



the chiral amplitudes carry additional labels (specifying the different "fusion channels"). 

It therefore makes sense to ask how large the space of states is, and in particular, what 
the multiplicities of the various subsectors are. This will depend crucially on the various 
normalisation constants of the amplitudes, and for a generic choice, these multiplicities 
will all be infinite. It is therefore an interesting question whether there exists a special 
solution for the amplitudes for which the multiplicities are finite. This is, in particular, 
necessary for a finite partition function, and only in this case can we expect to obtain a 
modular invariant theory. 

The simplest situation (which is the one which shall be relevant in the following) arises 
if all sectors of the theory appear with multiplicity one, so that every field is uniquely 
characterised by its representation properties with respect to the chiral algebra (and there 
are no additional labels referring to the different copies of the given representation). Using 
the action of the meromorphic fields, every amplitude can be rewritten in terms of those 
that only involve the fundamental fields, i.e. the fields whose corresponding states are the 
fundamental states. Furthermore, it is sufficient to know the two- and three-point functions 
of the fundamental fields, as these determine already the operator product expansions 
(OPEs), from which higher amplitudes can be constructed by the so-called gluing process. 

Conversely, given a set of two- and three- point functions of the fundamental fields, 
we can use these to construct higher amplitudes. In general, there are different ways 



1 We quotient by all states whose amplitudes vanish identically. 
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of obtaining a given n-point function, and a priori, it is not clear whether the different 
functions so constructed agree. A sufficient (and necessary) condition for them to agree 
is that they do so in the case of the four-point functions, in which case the condition is 
usually referred to as duality. (This is sufficient, as every decomposition of the sphere 
into "pairs of pants" can be related to any other one by a succession of "simple moves", 
where each simple move only involves four fields |29| . ) In order to construct a theory with 
trivial multiplicities, it is therefore sufficient to determine the two-, three- and four-point 
functions of the fundamental fields, and show that they are local and satisfy the duality 
relations; this is what we shall do in the following. 

In order to determine the n-point functions involving the reducible representations from 
those of the irreducible ones, it is useful to determine the operator product expansions 
(OPEs) of the fundamental fields explicitly. These (non-chiral) OPEs are effectively built 
from the two chiral OPEs corresponding to the chiral representations, and their information 
in turn is encoded in the chiral fusion rules. For example, the (chiral) fusion product of 
\i with itself contains only the representation 7?-o IH3 which, at lowest level, has a two- 
dimensional Jordan block for Lq. Since Lq can be identified with the scale generator of 
the Mobius transformations it follows that the chiral OPE for fi(x)/i has a power series 
expansion of the form (compare ||20|| ) 

oo 

u(x)u = £4 x n [X n + Y n lnx) , 

n=0 

where X n , Y n are states in TZ of weight n. The states for n > 1 are in the representation 
generated by those at n — 0, and so by acting with positive modes on them, using the 
comultiplication relations, we can find recursive relations for X n , Y n with n > in terms 
of Xq and Yq. It is therefore sufficient to determine only the lowest level terms. 

Without loss of generality, we can identify X = u> with a cyclic vector of TZq. Then, 
the chiral OPE is of the form 

x~4 U (a;) u = ijj -)_ Q inx + -L^iujx + 



A3. 2 . 3 r , , 19 n . ni i , 



-r _i g -r g g j 

where Q = Lquj and thus LqQ = 0. 

In a similar way we can determine the other chiral OPEs. The only slight complication 
arises due to the su(2) tensorial structure; for a definition of the various su{2) tensors see 
appendix 0. 

x^fi(x)u a = C+ + ^ Q lnxj x + 

+ (\L^ a - ^L^ a + ^L_ 2 C + h^ a In x) x 2 ■ ■ ■ , 
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(13 3 19 3 \ \ 
— L 2 ,J L_ 2 J H L- 2 tt L_ 2 ^lnx ] x 2 H ) 

+tf (AW^uj'x + W^ 2 x 2 + ■•■). 

The vector &' is a cyclic vector of the representation 1Z$, and f2 = L c</. Here we have 
included a prime for uj as the cyclic vector of the representation TZq is not uniquely fixed. 
Apart from the usual freedom of rescaling u, we can always add to a given cyclic vector uj 
a multiple of Q = L uj. (This is a special feature of not completely reducible representa- 
tions — if the fusion product is completely reducible, because of Schur's lemma, the only 
remaining freedom is a constant for each irreducible component.) 

The (non-chiral) OPEs are obtained by multiplying the chiral OPEs. However, if the 
corresponding theory is indeed local, only the states in TZjj can occur in the OPE. To 
first order in x we therefore find (the expressions to second order in x and x are listed in 
appendix |A|) 

\x\~^ fj,(x)/jb = uj 4- In |x| 2 f2 + • ■ ■ , (3) 
\x\^fi(x)u aii = ^ + ^p a ^x + ^p aa x + ^(() aa + \n\x\ 2 ^ a ^\x\ 2 + --- , (4) 

\x\iv a «(x)v^ = -^cT^(V + (ln|x| 2 + 4)0' + --^ . (5) 

In the last OPE we have made use of the freedom to redefine uj' and Q! for later convenience. 
We can regard these OPEs as defining the states uj, f2 and uj', ft', and it is therefore not 
clear whether uj = uj' and ft = ft'. Indeed, we do not yet know whether all amplitudes 
involving uj agree with those involving uj', and similarly for ft and ft'. 



4 Amplitudes 

In this section we shall construct the relevant amplitudes explicitly. As a first step we fix 
the normalisation of the two-point functions of the irreducible fundamental fields 



(/j(zi)/a(z 2 )) = V\Zi2 



1/2 



where zu = Z\ — z 2 . We have also included a factor of —1/4 for later convenience. We can 
then use the OPEs (§, |]) to deduce the one-point functions of the reducible representations 

(n) = (ci') = (ei = o, (uj) = v, (uj') = v. 
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Next, we calculate the chiral four-point functions involving four irreducible fields, fol- 
lowing the strategy of section |2|. We then form the most general linear combination of two 
such four-point functions which give rise to local amplitudes 



(n(z 1 )fJ,(z 2 )^(z 3 )iJ,(z4)) 

(/*(zOM^)M(*3)l> aa (s4)> 

(fi(z 1 )u aa (z 2 )u^(z 3 )u^(z 4 )) 



-ttCo 
-B\ ' 



aa 




^13^24 
^12^13^23 



K(x)K(x) + K(x)K(x) 



71 



-Cxd al3 d af3 



^12^13^24 


1 

2 - 


^14^23^34 





E{x)D 2 {x) + D 2 (x)E{x) 



f2VV 

c 1 



Z24 



ZX2ZXA 



Zl3 



Z23 z 3i 



X 



h^ a hf"\x\ 2 - h^ a d^5*-x{2 - x) 
-d^S^hf a -(2 - x)x + d^d^S?-\2 - 



x\ 



(u a& (zx)u^(z 2 )u^(z 3 )u SS (z,)) 



71 r 



Z13Z24 



^1 2^34^14^23 

Fx(x)Fx(x) + F 1 (x)F 1 (x) 



+ h af3yS d af3 d yS 

+d aP d? s h^~ 5 
+d af3 d^d^d* /S 



F 1 {x)F 2 (x) +F 1 {x)F 2 (x) 
F 2 (x)F 1 (x) + F 2 (x)F 1 (x) 
F 2 (x)F 2 (x) + F 2 (x)F 2 (x 



The functions K, E, D 2 , Fx, F 2 and their ( r ) counterparts are related to complete elliptic 
integrals (see appendix y). C , Cx, C 2 , Bq u and B± a are (at this stage) arbitrary constants. 
The factors of tt were introduced for later convenience. The cross-ratio x is defined by 
x = {zx 2 Z34) / (zx3Z 2 4) , where as always from now on = Z{ — Zj. The above expressions 
are well-defined for x near the origin. Using the formulae of appendix 0, we can analytically 
continue the amplitudes to different values for x which can then be written in terms of 
amplitudes where the fields are in a different order (and the corresponding cross-ratio is 
again small); the relevant expressions are given in appendix [B[ 

Next, we use the OPEs ([3] - ||) to determine the non-chiral three-point functions of 
two irreducible representations and one reducible representation. In general, there are 
different limits of a given four-point amplitude that should give rise to the same three- 
point amplitude, and the duality relations require that all these three-point functions are 
indeed the same. For the situation in question, this follows manifestly from the expressions 
above and the ones of appendix ||. 
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Let us consider first the states of weight (0, 0) in the reducible representation. 

(fJt(z 1 )lJ,(z2)(jj(z3)) = -C 1 212 1 



{fj,(z 1 )fi(z 2 )uj'(z 3 )) = -&\z 12 



^8 ln2 + ln 


Z V& Z 1Z 


) 




^12 










81n2 + ln 


^13^23 


') 




^12 





(n( Zl )v(z2)n(z 3 )) 

(nizju^e^zs)) 

( t i(z 1 )iy^{z 2 Mz 3 )) 
(^z 1 )u^(z 2 W(z 3 )) 

^{z 1 )u^{z2)n{z 3 )) 

( t x(z 1 )u^(z 2 )n'(z 3 )) 

( tJ ,(z 1 )u^(z2)e"(z 3 )) 
(V^( Z1 )VW(Z2MZ 3 )) 

(v a *(z 13 )vW(z 2 W(z 3 )) 

(v a *( Zl )vW(z2Mz 3 )) 

(u^(z 1 )u^(z 2 )n'(z 3 )) 
{v^{z l )v^{z 2 )^{z 3 )) 



Co I ^12 1 2 , 

Ci\z 12 \K 
-Bf\z 12 \-* 



o, 
o, 
o, 



\ z m\ 


z 23 1 






\ z ia\ 


^23 1 



81n2-4 + ln 



C 2 rt^|z 12 r^ 81n2-4 + ln 



^13^23 





^12 




^13^23 
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-Brd al3 d^\z 12 \-'i 



The fields u)' and O' have the same functional behaviour as u> and f2, respectively, and 
only the relative normalisation of the three-point functions differs. This was to be expected 
since they correspond to isomorphic representations. However, from the point of view of 
the non-chiral theory, the state uj (and likewise for O, etc.) will appear with non-trivial 
multiplicity unless 

C 1 = C 1 = Bf 
C " " = 



C; 



Y2aa 
°0 



1, 



(6) 



in which case u/ = u>, Q! = f2. Since we want to construct a theory with trivial multiplic- 
ities, we therefore choose 



C 2 = Ci = C , B« a = B™ = Q aa C . 
Apart from the identification of 7Z' q with 7Z q, the results also imply 



(7) 
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--V^Q^C Q \z 12 \^\z lz \- l \z 2Z \-\ 



^23 | 



At level (1,1) of the reducible representation we find 

{n^n^x^xlM^)) = o, 

{^ Zl )^z 2 )^{z,)) 

( fjt (z 1 )^(z 2 )Xi 1 Xl 1 ^s)) 

^{ Zl )u^{z 2 )^\z 3 )) 

(^(z^^X^XiMzs)) 
(u^( Zl )u^(z 2 )^(z 3 )) 

where 

bj? = {51 -t a p , for Xi = (L, W«) . 

The three-point functions with u>' are the same as for u). Furthermore, we note that we 
can identify (at least on the level of the above amplitudes) 
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where frL = bPI'd^. The other states at level (1, 1) are cff n with three-point functions 
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\ z 13\ \ z 23\ x 
2 



^13^23 
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M)P12 2 kl3^23 



-d a/3 d^e^\z 13 + z 23 \ 2 + d a ^hf^Q^(z 13 + z 23 )z 12 

+hf^d^Q^z 12 {z 13 + z 23 ) + Ahf x^e w > 12 | 

Our choice of the normalisation constants (0) so far guarantees that the irreducible sub- 
representations of TZqq and TZn (which are at level (0,0) and (1,1)) only have trivial 
multiplicity in the non-chiral theory. Let us analyse now how many states appear at level 
(1,0). Using the OPEs ([| - ||) together with the four-point functions of the irreducible 
representations we find 



(/Lt(^i)/Lt(z 2 )L_iW(^3)) = C \z 12 



1 z 13 + z 23 



Z\ 3 Z 23 



{^ Zl )^z 2 )W a _M^)) = 0, 
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(v(zi)v(z 2 )p^(z 3 )} 



e^c \ Zl2 
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^13^23 
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= o, 



-g ab C \z 12 \ 2 z \i z 23 z \ 2 ? 
t^C \z 12 \h^z 23 z^ 2 \ 



(W^izJvizjW^Mzs)) = 
(W^zJ^zJp^izz)) = 

(lAizJu^izjXLMZi)) = -lVp a ®^C \z 12 \--*\z 13 \\z 23 
(p^K^^p 77 ^)) 
(u a % Zl )u^(z 2 )L^(z 3 )) 

(^( Zl )^(z 2 )W^M z s)) 
{u^{ Zl )^{z 2 )p'\z 3 )) 



\ z iz\ 


^23 


\ z w\ 


^23 



-1 



2 J ? 

l -d^d^C Q \z 12 \ 

1 .=.5 - . ,_3 Z 13 + ^23 

2 

^13^23 
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z 12 

^13^23 
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--d a ?d^C \z 12 
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--hf^d^e^c \ Zl2 \ 



^13^23 

3 z 12 
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^13^23 



We observe that the states X 3 _i& and p 77 are linearly dependent provided that 

det 6 = 1 . (8) 

As we shall show below this constraint is also required by the consistency of the amplitude 
(ppww). We therefore have 

1 



p 77 = -e 77 L_!u; + 2t 7 Q 9 Q7 W^ 1 u> 



and 



where t 7 a = g a b^2 and is the inverse of 6, 



_ e~ -e+- 
det e V -e~ + © ++ 



In the same way we can express p 77 in terms of X^oj and vice versa. This implies that 
the two reducible representations combine to form one representations 1Z whose structure 
is summarised in the following diagram: 
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The representation 1Z does not have one cyclic state, but instead is generated from a state 
uj of weight (0, 0) and the four states <p aa of weight (1,1). The non-trivial defining relations 
are 





= n, 




= o, 




= o, 




= o, 




= 6- o aBi 




= t^Q^p? 




= P™, 


W*p a * 


= 2tf(fi & , 




= e aa n, 


W?p adl 


= t%*QP & n 




= r\ 




= tf1l> p ™, 


L cl> aa 






= 2t<f4>^, 






WW*" 


= 2^^, 


L l( j> a& 


-P aa , 




_j.au ^f3a 
l f3 P J 



together with their anti-chiral counterparts. 

Given the above three-point functions we can now apply the OPEs (0-0) again, and 
deduce the two-point functions for the reducible representations 1Z. We find 





= -C (81n2 + 21n 




= Co , 


(nn) 


= o, 




= e^<W, 




= e^c z u \ 




= -e^c \z 12 \- 2 , 


(p a «p^) 


= -d af3 d^C z^ 2 , 


(p a& p?p) 


= o, 




= d a d a CqZ-^z-^ , 
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(p Q ^^) = 0, 

0^) = d a Pd^C \z 12 \- 4 (8\n2 + 2 + 2\n\z 12 \ 2 ) 



-d af} d^C \z 12 \ 



0. 



We can also determine further OPEs from the three-point functions involving one reducible 
and two irreducible fields. For example it follows from the amplitudes (/Li/Aw) and (fii/ aa u}) 
that the OPE of /x with uj takes the form 



V 



H(x)u = -(8\n2 + \n\x\ 2 )fi + AQ^d^d^u^lx] + ■ ■ 



Other OPEs can be determined similarly and can be found in appendix 

Next, we consider the four-point functions of two irreducible and two reducible repre- 
sentations. The simplest case is the amplitude (miuju)) which, after imposing the locality 
constraints, takes the form 



1^12 1 2 {wuw) 



A 2 + A! In 
+A In 



^13^23 



Zl2 



Ai In 



^14^24 



Z\2 



^13^23 


2 

In 


^14^24 


- Ao (in 


Z\2 




Z\2 



V^13^24 — \J ^14^23 



a/ ^13^24 + a/ ^14^23 

where Ai are at this stage arbitrary constants. In order to determine these we impose 
the duality relations, i.e. we use the different OPEs to relate this function to three-point 
functions which we have already determined. For example, using the above OPE of \i with 
uj we find to lowest order in x 



(fj,(z 1 )iJ,(z 2 + x)u(z 2 )u(z 3 )) 



.sin 2 - In \x\ 2 )4{»(zi)»(z 2 )u(z 3 )) 



V 



+4^Q aa d Qp d dl ^(z 1 )u^(z 2 )uj(z 3 ))\x\. 
This is to be compared with the same limit of the above four-point function 

2 N 



\Zl2\ 



{n{z x )n(z 2 + x)u(z 2 )u(z 3 )) 



A 2 Ai | hi \x\ 2 + ln 

. i , I 2 i ^13^23 

+An In \x\ In 



^13^23 



Z\2 



and we thus find that 

Ai 



(8 In 2 



C 2 
V 



and 



Z\2 



e^dafsd^e^ = 2 . 



Zl3 



^12^23 



X 



Since Q^dapd^Q 13 ^ = 2det(0) the second constraint requires det(O) = 1 which is what 
we required previously (§). 
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Similarly, we can determine the other three- and four-point functions of the fundamental 
fields, and check their consistency with duality; some of these amplitudes are explicitly 
given in appendix [B]. Unfortunately, the expressions become rather complicated, and it 
is not feasible to determine all of the amplitudes involving arbitrary combinations of the 
fundamental fields explicitly. However, we have determined all the relevant three-point 
functions (see the above formulae and appendix ||), and this specifies the theory uniquely. 
The question reduces then to whether the theory so specified is indeed consistent; this will 
be answered in the affirmative by relating the theory (with this choice of normalisation 
constants) to a free field theory that is consistent H30| . This free field theory will be 
described in the following section. 



5 Symplectic fermions 

In this section we shall show that the conformal field theory that we have discussed so far is 
the bosonic sector of a model of free "symplectic" fermions. Here we shall only summarise 
the essential features of this fermion model; further details may be found in |30| and 0. 



The chiral algebra of the symplectic fermion model is generated by a two-component 
fermion field x a °f conformal weight one whose anti-commutator is given by 

{Xm? Xn} Tfld ^ b m j rn , 

where d a @ is the same anti-symmetric tensor as before. This algebra has a unique irre- 
ducible highest weight representation generated from a highest weight state Q satisfying 
Xm^ = f° r 111 — 0- We may call this module the vacuum representation. It contains the 
triplet W- algebra since 

satisfy the triplet algebra P,|3l|. 

Let us consider the maximal generalised highest weight representation of this chiral 
algebra that contains the vacuum representation. It is freely generated by the negative 
modes x^, m < from a four dimensional space of ground states. This space is spanned 
by two bosonic states Q and u, and two fermionic states, 8 a , and the action of the zero- 
modes Xo * s gi ven as 

X> = -o\ 

LqU = . 

Imposing the locality constraints as in section the corresponding non-chiral represen- 
tation is freely generated by the negative modes Xmi Xmi m < from the ground space 
representation 

x^ = -e\ x^_ = -d", 
x *ev = d a Pfi, xo^ = d^si, 
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The space of ground states contains two bosonic states, f2 and u>, and two fermionic states 
since the four fermionic states 6 a and a are related as 



One can show (see |Kj for further details) that the bosonic sector of this representation 
is isomorphic to the representation TZ. For example, the higher level states of 1Z can be 
expressed as fermionic descendents as 



^ = X-xt-& 



The other two representations of the triplet model, the irreducible representations 
V_i/8,-i/8 and V3/8,3/8, also have an interpretation in terms of the symplectic fermion 
theory: they correspond to the bosonic sector of the (unique) Z 2 -twisted representation. 
In this sector, the fermions are half-integrally moded, but all bosonic operators (including 
the triplet algebra generators that are bilinear in the fermions) are still integrally moded. 
The ground state of the twisted sector, fi, has conformal weight h = h = — 1/8 and satisfies 

XrV = XrV = , for r > , 

while 

Q/Qt a — Q*. 

2 2 

With respect to the symplectic fermions, us and fi are cyclic states, and all amplitudes 
can be reduced to those involving /j, and the four ground states of the vacuum represen- 
tation. This can be done using the (fermionic) comultiplication formula and its twisted 



analogue f32|| . The amplitudes involving the ground states can then be determined by 
solving differential equations. We have determined some of these amplitudes, and we have 
checked that they reproduce all the three-point functions of the fundamental fields of our 
logarithmic theory.0 This implies that all amplitudes of the two theories agree, and since 
the fermion theory is consistent, thus establishes the consistency of our logarithmic theory. 
We should stress that the agreement between the two set of amplitudes only holds if we 
make the specific choices for the normalisation constants (^) and (|8|). 

6 Discussion and Conclusion 

Let us first make three comments about the theory we have just constructed. 



2 We have also checked that some of the four-point amplitudes agree, for example (fifiuju)), (^i/uu), 
(ufujuj) and (uljuju)). 
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6.1 Normalisation constants 



In order to give a unified treatment, let us classify the amplitudes according to their grade, 
where each irreducible representations contributes one, and each reducible representation 
contributes two to the overall grade. For example, the four-point functions of four irre- 
ducible representations are at grade four, and so are all the two- and three-point functions 
that can be derived from them by the use of the OPE. The grade of the amplitude (/ijuww) 
is then for example six, etc. 

As we have seen in section |], all amplitudes of grade two are proportional to T> while 
all amplitudes of grade four are proportional to Co. It is therefore natural to introduce the 
parameters A and O by 

V = A 2 0, C = A 4 O, 

so that every amplitude at grade g is proportional to A g O. Here, A corresponds to the 
freedom to rescale the field n, and since we have fixed the normalisations of u aa , to and <p aa 
relative to that of /x (see ([| |])), to the freedom to rescale all fields with the appropriate 
power; this leads to the term A 9 in the normalisation of the amplitude. The second 
parameter, O, can be identified with the normalisation of the amplitude functional. In 
ordinary local conformal field theories, the parameter O is fixed by the condition that 
the amplitudes satisfy the cluster property, i.e. that to leading order every n + m-point 
amplitude is the product of an n- and an m-point amplitude. This condition is essentially 
equivalent to the uniqueness of the vacuum, i.e. to the property that the theory has only 
one state with vanishing conformal weight. In our case this condition is not satisfied as 
there are two states of conformal weight in the theory, u> and O. As a consequence, the 
cluster property does not hold for any choice of O, and hence we cannot fix O in this way. 

Finally, the last (free) parameter corresponds to the matrix Q aa which describes the 
coupling between the left and right SU(2). By performing a global chiral (or anti-chiral) 
SU (2) transformation we can always bring this matrix into standard form, 

Q aa = d aa _ 

6.2 Scale invar iance 

It is clear that the logarithms introduce a length scale into the description and that there- 
fore manifest scale invariance is broken. However, the amplitudes are in fact invariant 
under the dilatations Zj i— ► e A Zj if the corresponding transformation on the states (apart 
from the usual factor of exp(A(/i + h))) is given as 

u> ^ u + 2Xft , (f) a " h-> cf) aa + 2A^ Q " • 

This is a direct consequence of the fact that L can be identified with the scale operator, 
and that Lq does not act diagonally on uj and (p. It is also easy to check the scale invariance 
of the amplitudes explicitly. 
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6.3 Partition function 



We can also read off immediately the partition function of the resulting theory. First of 
all, the characters of the non-chiral irreducible representations are simply the product of a 
left and right chiral character 

Xv_ vb> _ 1/8 (t) = Xv_ 1/8 (t)Xv_ 1/8 (t) = \Tj(r)~%,2(r)\ 2 , 
Xv 3/8 , 3/8 (r) = Xv 3/s (r)xv 3/a (f) = \7]{t)- 1 6 2>2 {t) | 2 . 

To determine the character of the reducible representation TZ, let us recall that each vertex 
in the diagrammatical representation of TZ corresponds to an irreducible representation of 
the left and right triplet algebra. Putting the different contributions together we find 



Xk(t) = 2xv (r)xvo(r) + 2xvA r )Xv { T ) + 2 Xv Q { T )XvA T ) + 2 XVi(t)xvi(t) 
= 2 IXVoO) +Xv 1 (r)\ 2 
= 2|t ? (t)- 1 Mt)| 2 , 

where Vo and Vi denote the irreducible representations with conformal weights and 1, 
respectively |2"2" |. The partition function of the full theory is thus 

3 

Z = Xv_ vb> _ 1/8 (t) + Xv 3/St3/8 {r) + Xk(t) = \t){t)\~ 2 ^ |^, 2 (r)| 2 , 

fc=0 

and this is indeed modular invariant. Actually, it is the same partition function as that of 
a free boson compactified on a circle of radius \/2 ||33|| . However, in our case the partition 
function is not simply the sum of products of left- and right- chiral representations of the 
chiral algebra as the non-chiral representation TZ is not the tensor product of a left- and 
right-chiral representation, but only a quotient thereof. As we have explained before, this 
follows directly from locality. 



6.4 Conclusions 

We have constructed a consistent local logarithmic theory, the first such theory to be 
understood in detail. Schematically speaking, its (non-chiral) fusion rules are described by 

l-i <8> M = w 
jj, Cg) v = UJ 
v Cg) v = uj 

= fl © V 
V Cg) U> = fJt © V 

uj © cv = 2uj . 



We have constructed the two-, three- and some of the four-point amplitudes of the funda- 
mental fields, and have shown that they satisfy the locality and duality constraints. We 
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have also shown that this theory is equivalent to a the bosonic subtheory of a free fermionic 
theory, thereby establishing that it is indeed consistent. We have determined the partition 
function of the theory, and shown that it is indeed modular invariant. Apart from the 
appearance of logarithms in some of the correlation functions, this theory defines a bona 
fide local conformal field theory. 
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Appendix 

A Operator product expansions 

This appendix lists the relevant operator product expansions. Terms up to order 0(x, x) 
for states in 1Z and up to order 0(x 1 ^ 2 ,x 1 ^ 2 ) for states in V_i/8,-i/8 an d V3/s,3/8 are given. 
We have included the arbitrary constant A whose significance is explained in section |6|. 

\x\~*fJ,(x)(Ji — (a; + In |x| 2 fi) + -L_ia;x + -L_ia;x + -L_iL_ia;|x| 2 + • • • , 
\x\^n{x)u aa = -O a «Q + ip aS x + ip aS x 

+ ^(cj> aei + (ln\x\ 2 + 2)^ aa )\x\ 2 + --- 
\x\^u aa (x)u^ = --d ap (PP (u + (In \x\ 2 + 4)n) 



\o 4 

+ (-d^d^L^u + -Q^d a/3 d m p^ 
\8 4 

_ (J^d^d^e^ + -e" 6 ^ + Jje^V^ N 2 + ■ ■ 



k- 2 n{x)u) = -(81n2 + ln|x| 2 )p + 4e SQ zy a "|x| + •••, 
A- 2 \x\v{x) a "uj = -9 a >- (81n2-4 + ln|x| 2 )zy aa |x| + •• 

A~ 2 \x\ 2 fi(x)4) aa = --9 a >- (8\n2-2 + \n\x\ 2 )v aa \x\ + • 
A- 2 \x\ 3 v a£i {x)<f> = ^rt^(81n2 + 2 + ln|x| 2 )p 

3d^d^e m - |e^) u^\x\ + ■ ■ 
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A 2 uj(x)uj = - (4 In 2 + In \x\ 2 ) 



A- 2 \x\ 2 4)(x) aa uj 



A- 2 |x|V(x) QS ^ 



2u> + (41n2 + ln|:r| 2 )fJ 



+ Oa a (f> aa \x\ 2 + 



\x\ 2 + 



+ Q^ aP aa x + Q^ a p aa x 

- (6 aa L_iW - (4 In 2 + In |x| 2 )p aS ) x 

- (e aa L^uj - (4 In 2 + In \x\ 2 )p a «) x 

- ((4 In 2 + In |x| 2 )(41n2 - 2 + In \x\ 2 )tf> aii 
+ 2(4 In 2 - 1 + In |x| 2 )0 a " + e aa 6^^ 

+ d af3 d^ 2(41n2 + l + ln|a;| 2 )u 

+ (41n2 + ln|x| 2 )(41n2 + 2 + ln|a;| 2 )n 

+ 2 ((4 In 2 + In \x\ 2 )Q^d a/3 d lv p v " + Q^d^d^p ar >) x 
+ 2 ((4 In 2 + In |x| 2 )e^d a/3 d 7IJ p'» a + Q^d^d^p af '^ x 

d aP d^Q m (24>™ + (4 In 2 + In \x\ 2 )^) 



+ e° a ^ - (4 In 2 + In \x\ 2 )G^ c 



\x\ 2 + 



The operator product of fl with any field S is simply given by fi(a;)S = A 2 S to all orders. 
For A 2 = 1, ft can be thought of as the unit operator, except that its one-point function 
vanishes, (ft) = 0. 



B Amplitudes 

In this appendix we list some of the higher grade amplitudes of the theory that we have 
checked to be consistent with the OPEs and the lower grade amplitudes determined before. 
For simplicity we have set A = O = 1. These parameters can be restored by multiplying 
an amplitude of grade g by a factor of A g O. 

The fundamental 3-point amplitudes of reducible representations are 



(www) 



= 48(ln2) 2 + 8 In 2 In 1,212,213,223 1 2 

+2 (in \z 12 \ 2 In | ^13 1 2 + In \z 12 \ 2 In |,2 23 | 2 + In \z 13 \ 2 In |,2 23 | 2 ) 

-((ln|^2| 2 ) 2 + (ln|^3| 2 ) 2 + (ln|z23| 2 ) 2 ) , 
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1 (ki2 
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*13 
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^23 


2 )(2l3^23 — ^23^13) 


2 


^12^13^23 
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[^2(^13^23 — ^23^13) + ^3 ( I ^12 1 2 + I ^13 1 2 + I ^23 1 



T\ = Q aa d^d^Z 13 Z 13 - e^d^d^Z 13 Z 23 - Q m d a " l dP* l Z 23 Zxz + e^d a ^d^Z 2 3Z23 , 

T 2 = e aa d^d^ + Q^d^d^ + 0^d a/3 d^ , 

Using the tensor identities in appendix [D], it is not difficult to see that T\ and 7<2 are com- 
pletely symmetric under the exchange of any two of the three fields, whereas T 3 is com- 
pletely anti-symmetric. Furthermore, it is easy to check that (zi 3 z 23 — ^23^13) is completely 
anti-symmetric, and it thus follows that the above amplitude is completely symmetric. 
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The four-point amplitudes of grade four were already given for a certain domain in the 
cross-ratio x in section |j. Other regions of x are described by different orderings of the 
fields, where the corresponding cross-ratio is again small 



-13 



^12^14^24^23^34 

D 1 (x)D 1 (x) +D 1 (x)D 1 (x) 



(fi( Zl )^(z 2 )^(z 3 )^z A )) = jd a ?d & P 



^13^14^24 



^12^23^34 



D 2 (x)E(x) + E(x)D 2 (x) 



It is easy to check (remembering that we have set C\ = 1) that the above four-point 
amplitudes give rise to the same three-point amplitudes as the ones determined in section 



Some four-point amplitudes of grade six are 
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The fundamental four-point amplitude of grade eight is 

(wwww) = 256(ln2) 3 + 32(ln2) 2 (o-o) + 8 ln2 [(o-o-o) - (o= 



where 
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2(o-o-o-o) - 2(o=oo-o 

)-2( V )], 
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ij 
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= ^ln|^| 2 ln|z ife | 2 , 

ijk 


0—0 — — 0) 


= ^ln|^| 2 ln|2; ifc | 2 ln|z fc/ | 2 

ijkl 


(0=0) 


= Yl H%i 2 ) 2 > 

ij 


(0=00—0) 


= ^2(\n\z i:j \ 2 ) 2 \n\z kl \ 2 , 

ijkl 


(V) 


= ^lnl^flnl^plnl^il 2 

ijk 



The sums are over pairwise distinct labelled graphs (i.e. graphs with vertices); labelled 
graphs that differ by a graph symmetry are only counted once. 



C Elliptic Integrals 

The four-point functions can be expressed in terms of complete elliptic integrals, K, K, 
E, E. These are related to the hypergeometric series near or 1, 

K(x) = 2 F 1 (l/2,l/2;l;x), E{x) = 2 F 1 (-l/2, 1/2; 1; x) . 

K(x)=K(l-x), E(x) = E(l-x). 
The other functions appearing in four-point functions are 



D 1 (x) 


= E(x)-(l-x)K(x) = 2x(l-x)K'(x), 


D 2 (x) 


= -E(x) + K(x) = -2xE'(x) , 


Di(x) 


= E(x) — xK(x) , 


D 2 (x) 


= -E(x)+K(x), 


F^x) 


= 2xE(x) - x{2 - x)K(x) , 


F 2 (x) 


= (2-x)E(x) -^(2-2x + x 2 )K(x) , 


F 1 (x) 


= 2xE(x) - x 2 K(x) , 


F 2 (x) 


= (2-x)E(x)-\{2-x 2 )k(x). 
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The functions with a (•) have a logarithmic branch cut at zero,which can be seen from the 
analytic continuation for | argx| < n (c.f. Erdeli et.al. [j34j|), 

K(l -x) = -- [ln{x/16)K{x) + 2M{x)\ , 

7T 

E(l-x) = [\n(x/W)D 2 (x) - 2N(x)} , 



7T 



where 



n=l 



oo 



71=1 ' 

and 

/i n = ip(l) - tP(n + 1) - ^(1/2) + ^(n + 1/2) . 
Furthermore, for analytic continuation to infinity one has 

x-V 2 K(l/x) = K{x)+iK{x), x-V 2 K(l/x) = K{x) , 
x^eIi/x) = Dx(x) +Wi(x), x^ 2 E{l/x) = E(x) . 

D sit(2) tensors. 

We choose a Cartan-Weyl basis for su(2) so that the non- vanishing structure constants are 

/f = ±l, / ±T = ±2, 

and the metric is given by 

9°° = l, 9 ±T = 2. 

The spin 1/2 representation is given by the matrices {t a )% whose non-vanishing entries are 

± 2 ± 

The anti-symmetric tensor d a @ and its inverse d a @, normalised to d ±T = d T ± — ±1, can be 
used to raise and lower indices in the spin 1/2 representation. The other tensors appearing 
in correlation functions are 

t 0± T = - , = ±1 

2 ' 

t a f3 '■ t af} = dry/3, 
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hf : hf* = 2t aa/3 g ab tf = - l - (d a ^ + d^5«) , 
ht ±T = =Fl , Kt* = h~ ± +± = ±\ , 

h a^8 . h af3yS = 2t aap g^bjS = _ (tfn + cTV 7 ) , 
h ±±TT = -1 , h ±T±T = /l ±TT± = - . 

2 

In addition the following tensor relations hold: 

d af3 d^ 5 -dHdP* + d? s d fh = 0, 

Q aa d^ + e pa d ra + e^d a0 = o, 
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